ON THE LAMBEK INVARIANTS OF COMMUTATIVE SQUARES 
IN A QUASI-ABELIAN CATEGORY 



YAROSLAV KOPYLOV 



Abstract. We consider the invariants Ker and Im for commutative squares 
in quasi-abelian categories. These invariants were introduced by Lambek for 
groups and then studied by Hilton and Nomura in exact categories. 
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1. Introduction 

In 1964, Lambek introduced the following invariants for a commutative square 

C—^D 

(1) 




A—^B 

in the category of groups: 

ImS'= (Im/3nlm/)/Im(/a), KerS* = Ker(/a)/(Kera + Kerg). 

In ^J, he proved the following assertion. 
Given a commutative diagram 

f 

A — 

(2) 




of groups and group homomorphisms with exact rows, there is a natural isomor- 
phism 

A ; Im5' ^ KerT. 



Later Leicht extended this theorem to arbitrary exact categories (see In ^1 

I14| . Nomura considered the case where the rows in ^ are not exact but only 

semiexact, constructed a canonical morphism A ; Im S* Ker T, and proved that 

there is an exact sequence 

(3) ^ H{KcT{bf ) ^ Ker ^ Ker c) ^ Kct{H H')^ImS ^ Ker T 

Coker(iJ ^ H') iJ(Cokera ~> Cokerfe ^ Coker(.g'6)) ^ 0, 
1 
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where the arrows between the kernels and cokernels in parentheses are natural 
morphisms, H{- —>■■—>■■) stands for the homology of the 0-sequence in parentheses, 
H = H{A ^ B^C), and H' = H{A' -> B' -> C). 

In this paper, we study the Lambek invariants in quasi-abelian categories, first 
considered by Raikov in ^| under the name of semiabelian categories. Apart from 
all abelian categories, the class of quasi-abelian categories contains many nonabelian 
additive categories of functional analysis and topological algebra. The categories of 
(Hausdorff or all) topological abelian groups, topological vector spaces, Banach (or 
normed) spaces, filtered modules over filtered rings, and torsion-free abelian groups 
are typical examples of quasi-abelian categories. The main difference between the 
quasi-abelian and abelian categories lies in the fact that the standard diagram 
lemmas hold in quasi-abelian categories under some extra conditions which usually 
amount to the strictness of some morphisms. Quasi-abelian categories have been 
actively studied in the recent years (see [51|10|HlEl[Tni[n|[THl|2niinil22lini)- 

In the category Ban of Banach spaces topological abelian groups, the strictness 
of a morphism a means that the range of a is closed. In the category of topological 
abelian groups, a morphism a strict if and only if its image is closed and, moreover, 
a maps open sets onto open sets. 

In a quasi-abelian category, Nomura's morphism A : Im S Ker T is defined 

only if b is strict in ||2Jl because the definition uses the fact that b is the composition 
of its image and coimage. Lambek's isomorphism holds under the same condition 
(see US]). 

The structure of the paper is as follows. In Section |21 we recall some basic 
definitions and facts about quasi-abelian categories. In Section |21 we construct 

a morphism C : Ker T Im S for a diagram |(2Jl with exact rows in the general 

case and suggest quasi-abelian versions for some assertions proved by Nomura jl3| 
and Hilton 5 for abelian and exact categories. 

2. Quasi-Abelian Categories 
We consider additive categories satisfying the following axiom. 
Axiom 1. Each morphism has kernel and cokernel. 

We denote by ker a (coker a) an arbitrary kernel (cokernel) of a and by Ker a 
(Cokera) the corresponding object; the equality a = ker 6 (a = coker 6) means that 
a is a kernel of 6 (a is a cokernel of b). 

In a category meeting Axiom ^ every morphism a admits a canonical decom- 
position a = (ima)a(coima) = (ima)a, where ima = ker coker a, coima = 
coker ker a. Two canonical decompositions of the same morphism are obviously 
naturally isomorphic. A morphism a is called strict if a is an isomorphism. 

We use the following notations of [TU) : 

Oc is the class of all strict morphisms, 

M is the class of all monomorphisms, 

Mc is the class of all strict monomorphisms (= kernels), 

P is the class of all epimorphisms, 

Pc is the class of all strict epimorphisms {— cokernels). 

Lemma 1 (^[Tl fnH The following assertions hold in an additive category 

meeting Axiom^ 

(1) ker a G Mc and cokera G Pc for every a; 
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(2) a G Mc ■<=^ a = ima, a G Pc '^=> a = coima; 

(3) a morphism a is strict if and only if it is representable in the form a = aiao 
with ao G Pc, 0L\ G Mc; in every such representation, ao — coima and ol\ — ima; 

(4) if some commutative square 



9 f 



is a puUback then ker/ — a(ker(7) and f = kcr^ implies g — ker(^/3); in particular, 
f G M =^ g G M and f G Mc =^ g G Mc- Dually, if the square is a pushout 
then cokcrg = (coker/)/3 and g — cokerC implies f = cokcr(aC); in particular, 
g e P =^ f e P and g e Pc =^ f e Pc. 

An additive category meeting Axiom ^ is abelian if and only if a is an isomor- 
phism for every a. Consider the foUowing axiom. 

Axiom 2. For every morphism a, a is a himorphism, i.e., a monomorphism and 
an epimorphism. 

We write a\\(3 if the sequence • ■ — ^ • is exact, that is, ima — ker/3 (which, 
in a category meeting Axioms 1 and 2, is equivalent to cokera = coim/3). 

Lemma 2 ([H]). The following assertions hold in an additive category satisfying 
Axioms^ anrf 121 

(1) ifgf G Mc then f G Mc, if gf G Pc then g G Pc, 

(2) if f,g G Mc and fg is defined then fg G Mc, if f,g G Pc and fg is defined 
then fg&Pc] 

(3) */ fg £ Oc and f G M then g G Oc, if fg G Oc and g £ P then f E Oc. 

It is well known (see, for example, 15 ), that every abelian category satisfies the 
following two axioms dual to one another. 

Axiom 3. // (1) is a pullback then f E Pc => g E Pc. 

Axiom 4. // (1) is a pushout then g G Ale =^ ./ G Mc. 

An additive category satisfying AxiomsmSl and0I is called quasi- abelian. Such 
categories are also known as (Raikov)- semiabelian (the original name, proposed by 
Raikov in jl9| and used in the Russian tradition; now, however, the term semi- 
abelian category is involved in a quite different context "B") or almost abelian |21| . 
As follows from Theorem 1 of JO], each quasi-abelian category meets Axiom |5] 

Given an arbitrary commutative square JQ), denote by g : Ker a Ker (3 

the morphism defined by the equality g(kera) — (ker (3)g and by / : Cokera 
Coker/3 the morphism defined by the condition /(cokera) = (coker/?)/. 

From now on, unless otherwise specified, the ambient category A is assumed 
quasi-abelian. 

Lemmas 5 and 6 of |H] yield the following assertion. 

Lemma 3 (^). Suppose that square Q is a pullback. If 13 E Oc then a E Oc and 

Jem. 

Dually, if ^ is a pushout and a E Oc then j3 E Oc and g E P . 
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Lemma 4 (Composition Lemma). Suppose that the composition gf of two mor- 
phisms f and g is defined. Then there exists a semiexact sequence 



(4) -Ker/ Ker(5/) ■ 



• Ker g ^ Coker / 

A LJ 

^ Coker((7/) 5^ Coker g ■ 



■0 



which is exact at Ker/, Ker(f;/), Coker((7/), and Coker t;; moreover, ip and oj are 
strict. Furthermore, if f & Oc then (0} is exact at Ker (7 and ip S Oc/ if g G Oc 
then Q is exact at Coker / and x & Oc. 

Proof. As in an abelian category, we define (p, ip, Xi ^-nd w by the equalities 
ker/ = (ker(5/))(/j, f{ker{gf)) = {keYg)^:, x = (coker/) (ker g), (coker(5/))g = 
A(coker5), and cokerg = uj{cokei{gf)). Then it is standard (and easy) that se- 
quence (@J thus obtained is semiexact, ip — ker^, and u — coker A. Furthermore, 
it is easy to check that the square 



(5) 



Ker(ff/) 
Ker g 



kor(g/) 



kcig 



is a puUback. 

Suppose that / is strict. Applying Lemma 3 to puUback jSJl, we obtain that ^ G 
Oc and the morphisni I defined by the equality /(coker -0) = (coker /) (ker g) {— x) 
is monic. Thus, hntp — kerx, which proves the exactness at Kerg. By duality, we 
infer that A e Oc and is exact at Coker/. The lemma is proved. □ 

3. Lambek Invariants 
Given a commutative square consider the puUback 

I^Imf 



(6) 



Im/3 



imf 

im 



B 



Easily, there are morphisms k' : Im(/a) Im / and V : Im(/a) - 

with im(/Q;) — (im/)fc' = (im/?)/'. Since lO is a puUback, it follows that there 

is a unique morphism p : lm.{fa) 9- / such that k' — kp and V = Ip. We 

put Im S = Coker p. If we denote by $ the epimorphism fa then, obviously, 
ImS* = Coker(p<i>). 

Now, let p, : Kerg ^ Ker(/Q!) and v : Ker a ^ Ker(/a) be the natural 

inclusions. They form a morphism {p^v) : Kerg ® Kera >■ Ker(/Q;). We put 

KerS* = Cokcr(/i, i^). Alternatively, Ker 5 can be described as follows (see, for 
example, |12|). Consider the pushout 

^ coim a , 

C ^ Coim a 



coim g 



Coim g ■ 



J 
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There is a unique morphism a : L 



B such that aj = /(inia)a and ai 



(3(mig)g. Then KerS" is naturaUy isomorphic with Ker cr. Thus, ImS* and KerS* 
are dual notions. 

In what follows, we endow all the niorphisms and objects introduced above for 
a commutative square S with the subscript S when it becomes necessary to distin- 
guish the corresponding morphisms of different squares. 

The condition Im = (Ker = 0) is fulfilled for an important class of puUbacks 
in a quasi-abelian category. Namely, the following assertion holds. 

Theorem 1. Suppose that square ^ is a pullback with (3 and f strict. Then 
ImS = 0. // O is a pushout with a and g strict then Ker 5* = 0. 

Proof. Consider the commutative diagram 




Im/ 



where all the four squares are puUbacks. Then the "resulting" square is a pullback, 
too (see, for example, 0, Proposition 2.10). Thus, up to an isomorphism, we 
have C = F, wivi — a, and W2V2 = g- Since wi,W2 S Mc and ui,W2 G Pc, by 
Lemma ^3) it follows that wi = ima, vi = coima, W2 — vcag, and V2 — coimg. 
Therefore, im(/Q!) = im((im /)fcwof 1) = (im/)fc, and hence / = Im(/Q;), which 
implies Im S — 0. 

The second assertion is proved by duality. 

The theorem is proved. □ 

Remark 1. By Lemma |3| if square Q is a pullback with /3 G Oc (/ G Oc) 
then a G Oc ((? € Oc)- This means that Theorem ^ applies to "strict" puUbacks. 
However, it fails to hold for "nonstrict" puUbacks, which is demonstrated by the 
following example. Consider the category Ban of Banach spaces and bounded linear 

operators. Let A and B be infinite-dimensional Banach spaces and \ei j3 : A s- B 

be a linear operator with dense range R{(3) ^ B (and so /3 ^ OJ). Put D — M. 

and suppose that / : D B is injective and R{f) H R{P) = 0. Form a pullback 

fa = /3g. For a morphism L : X 5^ Y in Ban, ImL is the closure R{L) of its 

range R{L). It is easy to see that a — and hence Im(/a) = 0. However, in this 
case, / = R{(3) n i?(/) ^ M / 0. Thus, ImS* ^M. 

Remark 2. The set of commutative squares S with Im5 = (Ker 5 = 0) is not 
reduced to "strict" puUbacks (pushouts). As observed by Hilton (see [S], Proposi- 
tion 2.4) and is easily checked, each composition h = gf yields two commutative 
squares A' : h{id) = gf and A" : {id)h = gf such that ImA' = and Ker A" = 0. 
Obviously, A' is a pullback if and only if g is monic (similarly. A" is a pushout 
if and only if / is epic). Hence, a commutative square S need not be a pullback 
(pushout) to have ImS* = (Ker 5 — 0). 
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As noted in the introduction, for a sequence of the form of |(5J) with exact rows, 
KerS* and ImT are known to be naturally isomorphic (see |12| or in an exact 
category. For this to hold in a quasi-abelian category, one must have Im b = Coim &, 
that is, b must be strict. On the same assumption, we can use Nomura's construc- 
tion of A : Im S" ^ Ker T for a diagram of the kind of |5J with semiexact rows. 

Recall that A is characterized by the equality (ker ctt) A(coker/95) = irks 

When the rows in (2) are exact, we can still construct a canonical morphism 
C : Ker T 9- Im S. Of course, ( = A^^ if A exists. Namely, we have 

Theorem 2. Suppose that in ^ the rows are exact. Then there exist unique 
morphisms ^ : ¥^ev{g'b) ^ Is and C : Ker T 9- Im S such that 

(cokerps)^ ~ C coker(/iT, j^t}- 

Proof. Obviously, g'b{kBi{g'b)) = 0, which implies that there exists a unique mor- 
phism y with 6ker((7'6)) = (ker(7')j/o = (iiii/')2/o- Since © is a puUback, it 

follows that there exists a unique morphism ^ : \iei{g'b) 9- Im5' such that 

b{kBv{g'b)) — ks^ and y = ^5^. We have 

ks^t^T = b(keT{g'b))^iT = 6(ker&) = 0, 

whence = because kg is monic. Now, denote by 7 = 75 the unique morphism 
for which im(6/)7 = 6(im/) (= 6(ker 5) by the exactness of the upper row in 
We infer 

{imb)kspslsf = (im(^'/))7s/ = ^(im/)/ = bf 

= (im6)6(ker(5'6))z/T/ = {imb)ks^iyTf- 

Since {im(p)k e AI and / e P, it follows that S^i^t — psjs- Hence (coker ps)C^T = 
(coker ps)^(/iT, J^t) = 0. Therefore, there exists a unique morphism C : Coker(p, 
^ Coker ps such that 

(cokerps)^ = Ccoker(pT, i^t}- 
The theorem is proved. □ 

As a corollary to Theorem |2 we obtain Lambek's isomorphism, established for 
exact categories in which, in our case, holds under the extra assumption 

that b € Oc- Note that, in view of the exactness properties of the Ker-Coker- 
sequence in a quasi-abelian category proved in Nomura's proof of Lambek's 
isomorphism in lliij is carried over to our situation literally. However, here we 
prefer to show how C becomes an isomorphism if b is strict. 

Corollary 1. //, under the conditions of Theorem^ b E Oc then C, is an isomor- 
phism. 

Proof. First, observe that the square 

keriq'b) 

Kerig'b) —^B 



(7) , ^ 61 

fcs ' 

^ Im b 

is a puUback. 
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Indeed, suppose that morphisms xi and X2 are such that kgxi bx2. Then 
g'bx2 = g'{imb)bx2 = g'{imb)ks^ = g'{imf')ls£, = g' {kei g')ls£, = 0. 

Therefore, there exists a unique morphism x with X2 — (ker((7'5))a;. We now prove 
that xi = £,x. We have 

{imb)ks^x = {imf')ls(,x = (ker g')ls^x = b(kcr{g'b))x 

= {iinb)b{keT{g'b))x ~ {iinb)bx2 — (im6)fc5'Xi, 

whence, by the fact that (im6)fc5 is monic, we see that — x\. Thus, we have 
demonstrated that Q is a puUback. 

Since ker b = ker b = {'keT{g'b))fiT, b S Oc, and (7) is a puUback, from Lcmmam4) 
and Axiom 3 it foUows that /^tUC- Obviously, we have (coker(/XT, i^T))tJ-T = 0, and 

so there exists a unique morphism r : / ^ Coker(^T, vt) such that coker(/ZT, J^t) = 

T^. We have (t^ = (cokerpg)^, and the relation ^ € Pc yields (t = cokerpg. Fur- 
thermore, 

(8) Tpsjs = T^i^T = (coker(//T, vt))vt = 0. 

Since 7^/ = $, it follows that 75 is epic and so ^ implies that rps = 0. Thus 

there is a unique morphism Aq : Cokerp ^ Coker(/iT, i^t) with the property 

T — Ao(cokerp). Easily, QKq and AqC are identities and, therefore, C, and Aq are 
mutually inverse isomorphisms. This finishes the proof of the corollary. □ 

It can be proved that, up to the identification KerT = Ker ctt, Aq is Nomura's 
morphism A. 

We now pass to the more general case of a commutative diagram of the form 
of (0) with semiexact rows. 

In the case of an exact category, Nomura constructed exact sequence Q. How- 
ever, an analysis of the proof of the exactness of Q in ^H] (based on the Composi- 
tion Lemma, cf. Lemma0J shows that, in the quasi-abelian case, many morphisms 
must be assumed strict so that all morphisms in (O can be defined. We prove the 
following quasi-abelian version of Corollary A2 of \Vi\ . 

Theorem 3. Suppose that in diagram (j^J the rows are semiexact. The following 
asserions hold. 

(1) // the sequence A' ^ B' ^ C is exact and b G Mc then there exists a 
canonical morphism 9 : H{A B ^ C) ^ Im5 such that the sequence 

^ H{A B -^C) — ^ Im S — ^ Ker T ^ 

is exact. 

(2) // the sequence A ^ B C is exact and b G Pc then there exists a canonical 
morphism m: : KerT —>■ H{A' — > _B' — > C") such that the sequence 

^ Im S Ker T H{A' B' ^ C') ^ 

is exact. 

Proof. We prove only item 1 because item 2 is obtained from it by duality. 

By definition, the homology object H{A B ^ C) \s the cokernel of a unique 
morphism e such that im/ = {kBvg)e. Consequently, (cdk&c ps)(,VT£ = and, 
therefore, there exists a unique morphism 9 with [cokev ps)S,VT = ^(cokere). Re- 
peating the argument of the proof of Theorem |21 almost literally, we see that 
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ps^S ~ S,vtS- Furthermore, since fo(im/) ~ {hn{bf))^s and 6 is a kernel, it follows 
that 7s is an isomorphism. In addition, ^ is an isomorphism, too. Indeed, as above, 
f is a part of puUback ||7J), which implies that £, € Pc and (ker(g'fe))(ker^) ~ kerb — 
(ker((7'6))/ij- = 0. Thus fix — and hence ^ is in fact an isomorphism. Thus we 
may write ps — vt^- Since we thus obtain a puUback ps id = vts and p £ Oc, 

the morphism of the cokernels 6 : Cokere ^ Cokerps is monic. Thus we see the 

exactness at H{A ^ B ^ C). 
Furthermore, since 

A6'(cokere) = A(cokerp5)^i/T = (coker (/x^, z/t))i^t — 0, 

we infer h.9 = 0. Now, take a morphism y with yd = 0. Then y{cokeT: ps)^ = 
?/0(cokere) = and, obviously, y{coker ps)fiT — 0. Hence, there exists a unique 
morphism v with y {cokci ps) — w(coker(/iT, i^t)) — wA(cokerp5). Since cokerps is 
epic, it follows that y — vA. Thus, A = coker^ and so we have the exactness at 
ImS*. 

Theorem |31 is proved. □ 

We now prove another assertion about a diagram of commutative squares (cf. 
Proposition 2.7 in 

Theorem 4. Suppose that, in a commutative diagram 



(9) 




the first column is exact at A2, the third, 
ImT = 0, KeiU = 0, /JaA = 0, v^i e 
is exact at B2. 



at C2, and the second row is exact at B2, 
and (^2/?! G Oc- Then the second column 



Proof. Take a morphism x : X ^ B2 such that (32X — 0. We may assume that 

a; = imx. We have ^2^2^ = 0; therefore, there exists a unique morphism y such 
that ip2X — (im7i)?/. Since (im (/32)<^22^ = {111171)?/ and ImT — 0, it follows that 

there is a unique morphism ^ : X ^ Im(iy92/?i) with the properties (p2X = It^ 

and y — kxS,- Thus, ip2X = {iinip2)l^ = iin{ip2Pi)^- Define to by the equality 
tp2Pi = iin(</?2/3i)w- Then w e Pc- Consider a puUback = w^o- We have 
im((/J2/3i)Cwo = im((^2/3i)w^o = f2(3i^o- Thus, (p2ixuJo - Pi^o) = 0, whence we 
deduce the existence of a unique morphism ^1 such that xujq — /3i^o = (ker 1^2)^1 — 
(im</?i)^i. Let ^oPo = Vi^i be a puUback. Then 

= P2XUJ0 = /32(im<y9i)^oPo = /32(ini(^i)(^i^i = /32(pi6- 

Since KerU — 0, it follows that Ker(/32</Ji) = Ker(^i © KerQ;2. Consequently, 
^1 — (ker(^i)ti + (kerQ;2)t2 — (ker(^i)ii + (imai)i2 for some ti andi2- Furthermore, 
there exists a unique morphism u with ipi{iTaai) = (im/3i)u. We infer 

xuoPo = Pi^oPo + </?i(imQ;i)t2 = Pi^oPo + (im/3i)ut2 = (im/3i)(/3i^oPo + "^2)- 
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Thus, xluqpo = (im/3i)u, i. e., xujopo = (im/3i)(im7;)w(coinit;). The hypothesis 
impHes that ujopo G Pc- Therefore, x — (ini/3i)(imw), which means that im/3i — 
ker /32 • 

Theorem 0] is proved. □ 

For abehan categories, Theorem0]was proved by Hilton (see Proposition 2.7) 
and served as a key ingredient in the proof of the main theorem in |S] on the exact- 
ness of a system of interlocking exact sequences. In the quasi-abelian case, we have 
to add some strictness conditions to Hilton's Proposition 2.7. Unfortunately, apply- 
ing Theorem^to interlocking sequences (and thus to spectral sequences) is possible 
only if we assume all the morphisms strict. We dealt with spectral sequences by 
considering exact couples in quasi-abelian categories in a separate paper j7j. 
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